QUANTUM FAMILIES OF MAPS 
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Abstract. In this survey article we give basic introduction to the theory of quantum families 
of maps. We begin with a general look at non-commutative (or "quantum") topology. Then 
we formulate all our results in this language. Existence of quantum families possessing special 
properties is discussed and we show that these quantum spaces are canonically endowed with 
quantum semigroup structures. Classical analogy is emphasized at each step and many examples 
are described. 



1. Introduction 

Non-commutative topology is a relatively new branch of mathematics based on principles of 
noncommutative geometry explained in the seminal book pQ. The aim of this paper is to give a 
survey of the theory of quantum families of maps which constitutes a non-commutative topological 
attempt to study analogs of spaces of continuous mappings known from general topology. For 
proofs of the presented results we will refer to the literature. 

The paper is organized in the following way: in Section [2] we formulate the Gelfand theorem 
which lays foundations of non-commutative topology and describe the objects of our investigation, 
namely quantum spaces. Section [3] deals with the definition of a quantum family of maps and 
provides a motivation for considering this notion. Furthermore the operation of composition of 
quantum families of maps is introduced. Then, in Section [4] we discuss the case of the non- 
commutative analog of the space C(X,Y), where X and Y are topological spaces and the space 
of continuous mappings X — > Y is given the compact-open topology. This object is called the 
quantum space of all maps. We discuss the existence of this quantum space and provide an 
interesting example. Section [5] is devoted to the study of additional structures one obtains from 
the universal property enjoyed by the quantum space of all maps from a quantum space to itself. 
The notions of a quantum semigroup and a quantum group are introduced and examples are 
given. Finally, Section |6] is devoted to the exposition of various related quantum semigroups 
including quantum semigroups preserving a state (analog of a probability measure) and quantum 
commutants. In the last subsection we briefly discuss the quantum semigroup structure on the 
quantum space of all maps from a finite set to a quantum semigroup (or group). 

2. Non-commutative topology 

As mentioned briefly in the introduction, non-commutative topology aims to extend the study 
of topological spaces to more general objects by viewing the category of spaces as a subcategory 
of some larger category of objects endowed with extra structure. In our case we will identify 
the category of compact spaces (and more generally locally compact spaces) with a subcategory 
of the category of C*-algebras. The famous theorem of Gelfand discussed in Subsection 12.21 will 
provide both the motivation and mathematical background for this point of view. Before this we 
introduce the notion of a C*-algebra. In what follows we will always assume that compact and 
locally compact spaces are Hausdorff. 
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2.1. C*-algebras. The fundamental notion of non-commutative topology is that of a C*-algebra. 

Definition 2.1. A C*-algebras is a Banach algebra A over C endowed with an anti-linear and 
anti-multiplicative involutive mapping 

A 3 a i — > a* e A 

such that 

\\a*a\\ = ||a|| 2 (2.1) 

for all a 6 A. 

The connection between the norm of a C*-algebra and the algebraic structure expressed by 
(12. ip has very far-reaching consequences. The reader is advised to consult classic textbooks on 
C*-algebra theory such as e.g. [2]. 

Examples of C*-algebras are plentiful: 

• let be a Hilbert space. Then the algebra B(J4?) of all bounded operators on Jf? 
with the operator norm and hermitian conjugation as involution is a C*-algebra with 
unit (the identity operator on JF). This C*-algebra is non-commutative unless Jt? is one 
dimensional. 

• Let X be a compact space. The space C(X) of all continuous complex functions on X 
with pointwise addition and multiplication, the supremum norm and complex conjugation 
as involution is a commutative C*-algebra with unit (the constant function 1). 

C*-algebras might not have a unit. For example: 

• let Jf? be an infinite-dimensional Hilbert space. Then the subspace K,(J^) of B(J%?) 
consisting of all compact operators Jf? — > Jtf is a C*-algebra without unit. 

• Let X be a non-compact locally compact space. Then the space 

C (X) = {/ e C(X)\Ve > 3 compact K C X |/| < e outside K) 

called the space of functions vanishing at oo is a C*-algebra with the supremum norm. 

This C*-algebra does not have a unit. 
There are several natural classes of morphisms between C*-algebras. The most obvious one is 
that of a all *-homomorphisms. More precisely, let A and B be C*-algebras and let <!> : A — >• B. 
We say that $ is a *-homomorphism if $ is linear, multiplicative and $(a*) = $(a)* for all a € A. 
If A and B are unital, we often consider only unital *-homomorphisms, i.e. those which map the 
unit of A to the unit of B. 

2.2. Gelfand duality. We begin this subsection with a categorical formulation of the famous 
theorem of Gelfand: 

Theorem 2.2 (I.M. Gelfand [3]). The association to each compact space X of the C* -algebra 
C(X) extends to an anti- equivalence of categories of compact spaces with continuous mappings 
and commutative unital C* -algebras with unital *-homomorphisms. 

Let us explain more concretely the content of Theorem 12.21 The first thing to note is that the 
passage from a compact space X to the C*-algebra C(X) is a functor, i.e. whenever we have two 
compact space X and Y and a continuous map <fi : X — > Y then we have the associated map 

$: C(Y)3 f ^ focbeC(X). 

This map is easily checked to be a unital *-homomorphisms. The second level of Gelfand's theorem 
is that any unital *-homomorphisms from C(Y) to C{X) is of this form. Moreover any commu- 
tative unital C*-algebra A is isometrically ^-isomorphic to a C*-algebra C(X) for some uniquely 
determined compact space X (i.e. there exists a unital *-homomorphism $: A — >• C(X) which is 
an isometry for the norms on A and C(X) respectively). 

Let us note that mappings on the level of spaces give rise to *-homomorphisms of C*-algebras in 
the reverse direction. This is the reason why Gelfand's theorem states existence of anti-equivalence 
of categories. 
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Remark 2.3. Gelfand's theorem can be also formulated for locally compact spaces and not neces- 
sarily unital C*-algebras. However, this version requires a more elaborate notion of a morphism 
between C* -algebras. 

Before we proceed let us give an indication of how the passage from a commutative C*-algebra 
A to the associated compact space X is achieved. We consider the set of unital *-homomorphisms 
from A to C (the set of complex numbers is canonically a C*-algebra, in fact C is exactly C(P) 
where P is a one point space). Such homomorphisms are called characters and they form a 
compact subset X of the dual space A* of A considered with its weak* topology. Then each 
element a of A is mapped to a continuous function a on X defined as 

o(A) = A(o) 

for all A G X . The function a is called the Gelfand transform of a and the mapping a H> a from A 
to C(X) is also given this name. The proof of Gelfand's theorem consists in part of showing that 
the Gelfand transform is the desired isometric *-isomorphism. 

One can consider the set of characters and Gelfand transforms of elements for non-commutative 
C*-algebras as well. Of course the set of characters might be empty for some algebras, but in case 
it is not, we obtain for a C*-algebras A the universal commutative C*-algebra B such that any 
unital *-homomorphism from A to a commutative C*-algebra factorizes through a canonical map 
from A to B. The C*-algebra B is simply taken to be the image of the Gelfand transform of A 
sometimes referred to as the abelianization of A. 

Properties of locally compact spaces have sometimes quite obvious reflections on the level of 
the associated C*-algebras. We would like to mention two of them: 

• a locally compact space X is compact if and only if the C*-algebra Co(Af) is unital, 

• X is finite (has a finite number o points) if and only if C(X) is finite dimensional (in this 
case clearly C (X) = C(X)). 

Lastly let us note that if X and Y are locally compact spaces then the C*-algebra Co(^f X Y) 
is canonically isomorphic to the tensor product C(X) <g> C(Y) of the C*-algebras C(A") and C(Y) 
(tensor products of C*-algebras are well described in [T5J Appendix T]). In case of commutative 
C*-algebras there is only one C*-algebra completion of the algebraic tensor product, in general we 
will be using the minimal tensor product. 

2.3. Quantum spaces. Theorem 12.21 can be interpreted as saying that the theory of compact 
spaces is the same as the theory of commutative C*-algebras. Indeed the two categories are 
anti-equivalent and any notion pertaining to one class can be expressed using the other. Non- 
commutative topology is the study of all C*-algebras from the point of view that they are algebras 
of functions on some spaces. Clearly only commutative ones are really algebras of functions, 
but a lot of interesting properties of commutative algebras have their counterparts in the non- 
commutative setting and the interpretation that any C*-algebra is in some sense an algebra of 
functions has far-reaching consequences (the interested reader is referred e.g. to the paper [5]). 

Definition 2.4. A quantum space is an object of the category dual to the category of C*-algebras. 

We will use a novel notation for quantum spaces. We will use characters like X, Y, E, D etc. to 
denote quantum spaces. Each of them corresponds uniquely to a C*-algebra and the associated 
(non-commutative) C*-algebras will be denoted by Co (X), Co 00, Co (E) and Co(B) respectively. 
In our language the phrase 

"let X be a quantum space" 

means exactly the same thing as 

"let C (X) be a C*-algebra." 
In analogy with the last remarks of the previous section we will now make a few definitions: 

• we will say that a quantum space X is compact if Co(X) is unital. In this case we will 
write C(X) for this C*-algebra. 

• A quantum space X will be called finite if C(X) is finite-dimensional (in this case X is 
automatically compact. 
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In what follows we will restrict attention solely to compact quantum spaces. In other words all 
considered C*-algebras will be unital. Also all *-homomorphisms will be unital. 

By definition a continuous map from a quantum space X to a quantum space Y is a unital 
*-homomorphism C(Y) — > C(X). 

3. Quantum families of maps 

3.1. Classical families of maps — Jackson's theorem. Consider three sets A, B and C. It 
is rather clear that any family of maps A — > B indexed by elements of C can be equivalently 
described as a mapping from A x X to B and vice versa. The next theorem extends this to spaces 
of continuous mappings of topological spaces. 

Theorem 3.1 (J.R. Jackson [3]). Let X , Y and E be topological spaces such that X is Hausdorff 
and E is locally compact. For ip G C(X x E,Y) define o~(ip) as the mapping from E to C(X,Y) 
given by 

[(a(^))(e)](x)=^(x,e). 

Then a is a homeomorphism of C(X x E , Y) onto CLE 1 , C(X, Y)J with all spaces of maps topologized 
by their respective compact-open topologies. 

In other words a continuous family of maps X — > Y parametrized by points of E is encoded in 
a single map E — ► C(A, Y) and vice versa. 

3.2. Definition of a quantum family of maps. 

Definition 3.2. Let X, Y and E be quantum spaces. A continuous quantum family of maps X — > Y 
parametrized by E is a *-homomorphism 

tf : C(Y) — ■+ C(X)<8C(E). 

Let us analyze Definition 13.21 in more detail. The *-homomorphism $ describes a continuous 
map from the quantum space corresponding to C(X) ® C(E) to Y. In view of Jackson's theorem 
and the fact that tensor product corresponds to Cartesian product of spaced we can interpret this 
as a family of maps X — > Y parametrized by the quantum space E. 

Note that the definition of a quantum family of maps is very general. By taking C(E) to be 
the C*-algebra C we can, for example, treat any *-homomorphism as a (trivial) quantum family 
of maps. In particular it is not difficult to find examples of quantum families of maps. 

It is not difficult to prove the following: 

Proposition 3.3. Let X,Y and E be compact spaces and let $: C(Y) — > C(X) <8> C(E) be 
a *-homomorphism. Then there exists a unique family {<p e ) e ^E of maps X — > Y parametrized 
continuously by E such that 

*(/)(*, e)=/(0„(aO) 

for all x £ X and e £ E. 

Proposition 13.31 states that when we specify the definition of a quantum family of maps to the 
"classical situation" , i.e. when all considered C*-algebras are commutative, we obtain the standard 
notion of a continuous family of maps. More generally, if only E is a classical space (which means 
that C(E) is commutative) then there exists a unique family ($ e ) eS E of *-homomorphisms from 
C(Y) to C(X) parametrized continuously (in a natural topology on the set of homomorphisms) by 
points of E. 



This correspondence is not well justified in categorical terms, so we avoid denning the Cartesian product of 
quantum spaces by taking the tensor product of the respective C*-algebras. 
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3.3. Composition of quantum families. Before we deal with quantum families of maps with 
additional properties let us define the composition of quantum families of maps. This is a direct 
generalization of the notion of composition of classical families of maps. 

Definition 3.4. Let Xi, X2, X3, Bi and B 2 be quantum spaces. Consider families of maps 

¥ x : C(X a ) — ►C(X 1 )®C(Bi), 

* 2 : C(X 3 ) — ^C(X 2 )®C(B 2 ). 
The composition of 'J'l and ^2 is the quantum family of maps 

1 A * 2 : C(Xs) — ► G(X0 ® C(Di) ® C(B 2 ) 

defined by 

*i A* 2 = (*i ® id) 0*2 • 

In case the considered quantum families are classical (i.e. the algebras C(Bi) and C(B 2 ) arc 
commutative) the composition of quantum families corresponds exactly to the family of all com- 
positions of homomorphisms from the families "Ji and V P 2 . 

Associativity of the operation of composition of quantum families of maps is next to trivial: 

Proposition 3.5. Let Xi, X 2 , X 3 , X4, Bi, B 2 and B 3 be quantum spaces and let 

* x : C(X 2 ) — >C(Xi)®C(Oi), 

* 2 : C(X 3 ) ^C(X 2 )®C(B 2 ), 

tf 3 = C(X 4 ) ^C(X 3 )®C(B 3 ). 
Then (vf^ A* 2 )A* 3 = *i A (* 2 A $> 3 ). 

4. Quantum families of all maps 

In this section we consider the non-commutative analog of the space C(X, Y) with compact-open 
topology. 

Definition 4.1. Let X and Y, E be quantum spaces and let $ : C(Y) — > C(X) (g> C(E) be a quantum 
family of maps. We say that 

• $ is the quantum family of all maps from X to Y and 

• E is the quantum space of all maps from X to Y 

if for any quantum space B and any quantum family "J": C(Y) — > C(X) ® C(D) there exists a 
unique A: C(E) — > C(B) such that the diagram 

C(Y) ^ C(X) ® C(E) 

id(8A 

C(Y) >■ C(X) (g> G(B) 

commutes. 

Upon specializing to the classical situation (X, Y, E are taken to be classical spaces as well as 
all possible spaces B), Definition 14.11 turns out to be exactly the definition of the space C(X, Y) 
with its compact open topology). This result is not entirely trivial. 

The natural question which arises in connection with Definition 14.11 is whether given two quan- 
tum spaces X and Y the quantum space of all maps X — > Y exists. The answer is usually negative. 
The reason for this is that C*-algebras are only suitable to describe locally compact (quantum or 
classical) spaces and spaces of continuous mappings with compact open topology rarely are locally 
compact. Nevertheless there are situations when one can prove existence of the quantum space of 
all maps. In [19 S.L. Woronowicz stated the following theorem: 

Theorem 4.2. Let X and Y be quantum spaces such that C(X) is finite dimensional and C(Y) is 
finitely generated and unital. Then the quantum space of all maps X — > Y exists. Moreover this 
quantum space is compact. 



6 



PIOTR M. SOLTAN 



This means that there always exists the quantum space of all maps from a finite quantum space 
to one whose associated C*-algebra is finitely generated and unital. The proof of Theorem 14.21 was 
given in |10) . 

One way to make sure the hypotheses of Theorem l4.2l are satisfied is to consider a finite quantum 
space M (so C(M) is finite dimensional). Then there always exists the quantum space of all maps 
M — > M. Contrary to the classical situation, examples of such spaces can be very interesting. 

Example 4.3. Let M be the classical two point space: C(M) = C 2 . Clearly the classical space of 
all maps M — >• M has four points. However the quantum space of all maps M — >• M is much more 
interesting. It turns out to be a quantum space E such that 

C(E) = {/ G C([0,1],M 2 (C)) |/(0),/(l) are diagonal}. 

The quantum family of all maps M ->• M is $ : C 2 ->• C 2 <g> C(E) given by 

*([&]) = [SI 

where 

1 — cos 27rf i sin 2irt 
— i sin 2nt 1 + cos 2irt 

The infinite dimensionality of C(E) justifies saying that the quantum space of all maps from a two 
point space to itself is infinite. 

The explanation of these formulas is quite simple: in order to determine a *-homomorphism 
from C 2 to C 2 ® A, where A is some C*-algebra, we only need to define its value on [i]. This 
value can be written as 

[},] ®a+ [?]<8>6, 

and a, b £ A must be projections because [J] is. The C*-algebra C(E) described above is simply 
the universal C*-algebra generated by two projections without any relations. 

5. Quantum semigroup structure 

For any set M the set E of all maps from M to M is endowed canonically with the structure of 
a semigroup. The semigroup multiplication is given by composition of maps. This phenomenon 
has its non-commutative counterpart. 

Theorem 5.1 QlOj). Let M be a finite quantum space and letK be the quantum space of all maps 
M -4 M. Let 

$: C(M) — > C(M)(g)C(E) 
be the quantum family of all maps M — > M. Then there exists a unique 

A: C(E) — ► C(E) ®C(E) 
such that $A$ = (id® A)o$ i.e. the diagram 

C(M) - > C(M) ® C(E) 

id®A 

C(M) — ^ C(M) ® C(E) ® C(E) 

is commutative. Moreover the *-homomorphism A is coassociative: 

(A <g> id)oA = (id ® A)oA 

and there exists a unique character e o/C(E) such that 

(id <g) e)o$ = id 

which also satisfies (e eg) id)oA = (id ®e)oA = id. 

Theorem 15.11 says that for a finite quantum space M the quantum space E of all maps M — > M 
is canonically endowed with a structure of a compact quantum semigroup with unit: 

Definition 5.2. Let G be a compact quantum space. We say that 



P(t) 




1 



Q(t) 
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(1) G is a compact quantum semigroup if there exists a coassociative *-homomorphism 

A: C(G) -> C(G) ® C(G). 

We call this morphism the comultiplication. 

(2) G is called compact quantum group if G is a compact quantum semigroup and the sets 

{A[a)[t®b)\a,b€C(G)}, 
{{a®t)A(b)\a,beG{<G)} 

are linearly dense in C(G) (g> C(G). 

(3) A compact quantum semigroup G has a unit if there exists a character e : C(G) — >• C such 
that 

(e <%> id)oA = (id ® e)oA = id. 

The definition of a compact quantum group (in the form given above) was introduced by 
S.L. Woronowicz in [21]. We refer to this paper and to 8 for motivation of this definition and 
thorough exposition of most fundamental results. Earlier definitions of compact quantum groups 
were more restrictive (see e.g. |20j). These objects are extremely interesting and are currently 
being studied by many mathematicians. Non-compact quantum groups are fast becoming the 
avant garde of current research in harmonic analysis ( \17\ 116] ). 

It is important to note that unless M is a (classical) one point space, the quantum semigroup 
of all maps M — 5- M is never a compact quantum group with its canonical comultiplication f[llj). 
In the situation of Example 14.31 there exists a different comultiplication A' on C(E) with which E 
is a compact quantum group: 

A'(P) = (P - 1) <g> P + 1 ® 1 + P ® (P - 1), 

A'(Q) = (Q - 1) <g> Q + 1 <8> 1 + Q ® (Q - 1). 

Existence of a quantum group structure on various quantum spaces is discussed at length in 

[HE]. 

We have so far established that for a finite quantum space M there exists a canonical quantum 
semigroup structure on the quantum space of all maps M — > M. This structure can be further 
studied and many of its aspects are explained in the paper |10j . Let us note the following: 

Proposition 5.3 ([10]). Let ML be a finite quantum space and let E be the quantum space of 
all maps M — > M. Then the Gelfand transform of C(E) maps C(E) onto the C* -algebra of all 
continuous functions on the compact space of all unital *-homomorphisms C(M) — > C(M). 

6. Further constructions and examples 

Having established that the quantum space of all maps from a finite quantum space to itself is 
a quantum semigroup we now proceed to study its subsemigroups. 

6.1. Quantum families preserving a state. If M is a finite set and fj, is a measure on M then 
the set of all maps M — > M preserving the measure fi is a subsemigroup of the semigroup of all 
maps M — > M . An analogous result is true for finite quantum spaces. 

In order to see this we need to introduce a non-commutative analog of a measure on a finite 
space. For simplicity we will restrict attention to probability measures. 

Definition 6.1. Let A be a C*-algebra and let w be a continuous linear functional on A. We say 
that a; is a state if \\lo\\ — 1 and for any a £ A we have uj(a*a) > 0. 

States on commutative C*-algebras (i.e. algebras of functions on compact spaces) correspond 
to integration with respect to probability measures. We now introduce the notion of a quantum 
family preserving a given state. 

Definition 6.2. Let M be a finite quantum space and let w be a state on C(M). Let D be another 
quantum space and let "J : C(M) -> C(M) ® C(B) be a quantum family of maps M ->• M. We say 
that ^ preserves u) if 

(uj O id) (*(£)) = u(x)l, 
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for all x e C(M). 

Theorem 6.3 (|10|). Let M be a finite quantum space and u a state on C(M). Then 

(1) there exists a unique quantum family 

C(M) — > C(M)®C(W) 
such that for any quantum family 

C(M) — >• C(M) (g)C(P) 
preserving u there exists a unique A: C(W) — » C(D) suc/i that 

C(M) — C(M) ® C(W) 

id®A 

C(M) C(M) <g> C(B) 

(2) $ w preserves uj, 

(3) W is a compact quantum semigroup with unit and if E is tte quantum semigroup of all 
maps M — » M i/ien i/ie canonical map A: C(E) — > C(W) intertwines the comultiplications 
of C{^) and C(W). 

Quantum semigroups preserving a state are also very interesting. Unlike Example 14.31 the 
following one is purely non-commutative. 

Example 6.4. Let C(M) = M2(C) and choose a parameter q s]0, 1]. Let w g be the state on C(M) 
defined by 

, , frotn _ a+q 2 d 

The quantum semigroup W of all maps M — > M preserving w g can be described as follows: C(W) 



is generated by three elements 0, 7 and 5 such that 








q i S*5 + l*l + q i 55* + 00* 


= 1, 


Pl = 


-q 4 5- 


0*0 + 8*5 + 11* + ss * 


= 1, 


10 = 


-5\ 


1*5 - q 2 5*0 + (35* - q 2 5i* 


= 0, 


06 = 


q 2 50 


q 4 55* + 00* + q 2 n* + q 2 SS* 


= 1, 


5i = 


q 2 l5 


q 4 5*5 + 1*1 + q 2 (3*P + q 2 5*5 


= q 2 t. 







The comultiplication A: C(W) -> C(W) <g> C(W) is given by 

A(/3) = q 4 5i* ®8- q 2 08* ®8 + /3(g>l3 + i*(g>i- q 2 5*0 ®5 + i*5®5, 
A (7) = g 4 7<5* <g> £ - g 2 (5/3* ®<5 + 7<g>/3 + /3*®7- g 2 /3*5 <g> <S + 5*i ® <J, 
A(<5) = -q 2 i*i 2)5- q 2 55* ®8 + 5®0 + 5*®i + 0*0 ®5 + 5*5®5. 

The counit e maps 7 and (5 to and to 1. 

The quantum semigroup preserving the state w 9 described in Example 16.41 contains the largest 
(i.e. the relevant C*-algebra is the quotient of C(E) by the smallest ideal) quantum group which 
preserves u> q . This quantum group has been identified in [T^] as the quantum SO (3) group defined 
by P. Podles in [6] (see also [7]). The original definition of this quantum group used representation 
theory of the quantum SU(2) group f [20]). This was not a very satisfactory definition. Another 
attempt at understanding this quantum group was made in [7] where it was fount that the C*- 
algebra of functions on the quantum SO (3) group is generated by five elements A,C,G, K, L 
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satisfying 



L*L 


= (1 - K)(t - q 


~ 2 K), 


AK = 


q 2 KA, 


LL* 


= (1 - q 2 K)(l - 


q 4 K), 


CK = 


q 2 KC, 


G*G 


= GG'\ 




LG = 


q 4 GL, 


K 2 


— \J (j . 






n 2 AT 

q Ah, 


A* A 


= K-K 2 , 




AG = 


q 2 GA, 


AA* 


= q 2 K - q 4 K 2 , 




AC = 


CA, 


C*C 


= K-K 2 , 




LG* = 


q 4 G*L, 


cc* 


= q 2 K - q 4 K 2 , 




A 2 = 


q- x LG, 


LK 


= q 4 KL, 




A*L = 


q-\l-K)C, 


GK 


= KG, 




K* = 


K. 



The map from C(E) (of Example I6.4j) onto the C*-algebra generated by A, C, G, K and L is given 
by 

01 — >L, 71 — ► -qG, 6 1 — > q- x A. 

6.2. Quantum commutants. Consider the following situation: we are given a finite set M and 
a family T of maps M — > M . Then the set of all maps M —> M commuting with elements of T is 
a semigroup under composition of maps. This phenomenon also has its non-commutative analog. 
In order to describe it we first introduce the notion of commutation of quantum families of maps. 

Definition 6.5. Let M be a finite quantum space and let 

*i : C(M) -4 C(M) C(©i), * 2 : C(M) -> C(M) <g> C(B 2 ) 

be two quantum families of maps. We say that "Ji and ^2 commute if 

(id® cr)o(* 1 A* 2 ) = *2 A*i, 

where a is the flip 

C(Di) ® C(B 2 ) 3x®y* — >y®x£ G(B 2 ) (8> C(B X ). 

Given a quantum family of maps of a finite quantum space to itself there always exists the 
quantum space of all maps commuting with this family. It is canonically a compact quantum 
semigroup: 

Theorem 6.6 ([10]). Let M be a finite quantum space and * : C(M) C(M) <g> C(D) a quantum 
family of maps M — > M. Then 

(1) there exists a unique quantum family 

$*: C(M) — > C(M)®C(U) 

such that for any quantum family 0: C(M) — > C(M) (g) C(P) commuting with ^ there 
exists a unique A: C(U) — >• C(P) such that 

C(M) — ^ C(M) ® C(U) 

id®A 

C(M) ^ C(M) ® C(P) 

(2) <I>^ commutes with , 

(3) U is a compact quantum semigroup with unit and if E is the quantum semigroup of all 
maps M — > M i/ien i/ie canonical map A: C(E) — » C(U) intertwines the comultiplications 
o/C(E) and C(U). 
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Of course any classical family of morphisms C(M) — > C(M) can be interpreted as a quantum 
family (parametrized by a classical space) we can consider quantum commutants also of classical 
families — even consisting of a single morphisms. 

Example 6.7. Let, as in Example l6.4[ M be a quantum space such that C(M) = M2(C). Let U be 
the commutant of the (classical) family of maps M — > M consisting of the single automorphism of 
C(M) defined by 

This family is described in our language by the *-homomorphisni 

C(M) — > C(M) ®C 

given by &(m) — ip(m) <g) 1. Let U be the quantum commutant of ty. The C*-algebra C(U) is 
generated by a, /3 and 7 with 

/3 = /r, 7 = 7* 

and 

a* a + 7 2 + aa* + 1 = 1, a 2 + £7 = 0, 
a*/3 + 7a* + 0:7 + f3a = 0, a/3 + (3a* = 0, 
7a + a*7 = 0. 
The comultiplication acts on generators as 

A(a) = 1 <g> a + (a*a + 7 2 ) <g> (a* - a) + a <g) /3 + a* ® 7, 
A(/3) = (07 + /8a) ® (a - a*) + (3 <g> /3 + 7 <g> 7, 
A(7) = (f3a + cry) <g> (a* - a) + 7 ® /3 + /3 (gi 7, 
It can be shown (|llj) that U is not a compact quantum group (with this A). 

6.3. Quantum maps into a quantum semigroup. In a preprint [5] yet another construction 
of quantum semigroup structures on quantum families of maps was proposed. It is based on the 
simple fact that if if is a set and S is a semigroup then the set of all maps K — > S is a semigroup 
under pointwise multiplication. This simple construction was extended to the quantum family of 
all maps from a classical finite space into a quantum semigroup. 

Theorem 6.8. Let K be a finite set and let § be a quantum semigroup with comultiplication 
A§ : C(S) — > C(S) ® C(§). Let H be the quantum space of all maps K — » 8 and let 

$: G(S) -> C(iT) <g> C(H) 

6e £/ie quantum family of all these maps. Then H admits a structure of a compact quantum 
semigroup described by Ah: C(H) — > C(H) ® C(H) defined by the diagram 

C(S) 5 » C(JC) ® C(H) 

id®A H 

C(S) ® C(S) C(K) <g> C(H) ® C(H) 

C(if) ® C(H) ® C(JT) ® C(H) id ^^. d > C(#) ® 0(1?) ® C(H) ® C(K) 

w/iere cr is the flip C(H)®C(if ) -> C(iT)®C(H[) C(if)®C(Jf ) -> C(if) is i/ie multiplication 

map. 



In [15] a more detailed analysis of the quantum semigroup structure described in Theorem 16.8 
was carried out. In particular it was shown that H is a quantum group if and only if § is. Also 
an example was presented where K is replaced by a non-classical space. It turns out that in this 
case H no longer needs to be a quantum group even when § is a classical finite group. 
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